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We derive fluctuation-dissipation relations for a tunnel junction driven through a high impedance
microwave resonator, displaying strong quantum fluctuations. We find that the fluctuation-
dissipation relations derived for classical forces hold, provided the effect of the circuit’s quantum
fluctuations is incorporated into a modified non-linear current voltage chaacteristics. We also demon-
strate that all quantities measured under a time dependent bias can be reconstructed from their
values measured under a dc bias using photo-assisted tunneling relations. We confirm these pre-
dictions by implementing the circuit and measuring the dc current through the junction, its high
frequency admittance and its current noise at the frequency of the resonator.
PACS numbers: 73.23.?b, 72.70.+m, 73.23.Hk, 85.25.Cp, 05.40.Ca, 42.50.Lc
The fluctuations of any physical system held at equilib-
rium are proportional to its dissipative linear response[1–
4]. This universal fluctuation-dissipation theorem (FDT)
relates the fluctuations (noise) of any passive system to
an easier linear response measurement. Moreover, mea-
suring both quantities implements a primary thermome-
ter, reaching metrological accuracy [5]. The FDT pro-
vides a physical picture on the origin of macroscopic ir-
reversibility: it shows that dissipation within a Hamil-
tonian system corresponds to the system’s ability to dis-
solve an incoming excitation within its internal degrees of
freedom through the system’s fluctuations of both quan-
tum and thermal origin. Turned into a rigorous formal-
ism as in [6], such a picture provides an efficient way to
model dissipation in macroscopic quantum systems. De-
spite these successes, the standard FDT [3] relates the
fluctuations of a quantum system to its response to a
classical drive, ignoring the quantum fluctuations of the
driving forces. In the particular case of a quantum elec-
trical conductor connected to an electromagnetic envi-
ronment, these quantum fluctuations are known to trig-
ger inelastic electron tunneling, yielding a nonlinear dc
current-voltage characteristics I(Vdc), an effect known as
Environmental or Dynamical Coulomb Blockade (DCB)
[7]. This raises the question of the existence of FDT
relations for a quantum conductor coupled to an envi-
ronment displaying strong quantum fluctuations. Such
relations have been derived [8–10], but the bias was de-
scribed as a time-dependent classical voltage across the
junction. Here instead, we explicitly include the quan-
tum fluctuations of the voltage across a normal tunnel
junction biased through the elementary building block of
the description of a linear circuit, i.e. an harmonic os-
cillator, driven in a coherent state. We find that in this
case, the junction’s response and current fluctuations can
be recast in terms of the nonlinear I(Vdc) curve. We thus
extend the validity of expressions found for tunnel con-
ductors driven by classical fields [8–17]. We probe these
predictions by embedding a tunnel junction in a high
impedance microwave resonator. The junction’s dc con-
ductance, its finite frequency admittance and its current
fluctuations are found in good agreement with predic-
tions.
We consider (see Fig. 1-a) a tunnel junction of tun-
nel conductance GT embedded at temperature T in an
LC circuit with resonant frequency ν0 = 1/(2pi
√
LC)
and characteristic impedance ZC =
√
L/C, where C is
the oscillator’s capacitance, and L its inductance. Har-
monic oscillators have been considered as detectors for
the current fluctuations of quantum conductors [18–21],
but neglecting the back-action due to their quantum volt-
age fluctuations. We assume that the quantum average of
the voltage across the junction reads Vdc+Vac cos(2piν0t).
We describe the resonator field by a ’thermal coher-
ent state’ density matrix ρ = D(iα/2r)ρTD(iα/2r)
†[22],
where ρT is the equilibrium density matrix at tempera-
ture T , D(iα/2r) = exp
[
iα(a+ a†)/2r
]
is the displace-
ment operator corresponding to an amplitude iα/2r, with
α = eVac/hν0 and r =
√
piZc
RK
(RK = h/e
2 = 25.8 kΩ)
characterizing the coupling between the oscillator and the
tunnel junction. We evaluate [23] the time-dependent
quantum average of the current I and current fluctu-
ations spectral density SI to lowest order in the tun-
nel coupling. Their time average I and SI are obtained
as copies of the same quantity measured under dc bias,
translated by the different harmonics of ν0 and weighted
by Bessel functions, following photo-assisted tunneling
relations [9, 11, 15–17]:
I(Vdc, α) =
∑
k
Jk(α)
2I(Vdc − khν0/e, 0) (1)
SI(ν, Vdc, α) =
∑
k
Jk(α)
2SI(ν, Vdc − khν0/e, 0). (2)
The time dependence of I and SI can also be re-
tained to calculate their Fourier transform, allowing the
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2derivation of the junction’s admittance Y (ν, Vdc, α) from
the current response to an infinitesimal drive in a small
impedance additional fictitious mode at an arbitrary fre-
quency ν [23]. We find that Re[Y (ν, Vdc, α)] obeys a
photo-assisted tunneling formula analog to Eqs. 1-2 and
keeps a structure known for classical drives [9, 11, 13, 14]:
Re[Y (ν, Vdc, α)] = e
I(Vdc + hν/e, α)− I(Vdc − hν/e, α)
2hν
(3)
whereas its imaginary part follows from Kramers-Kronig
relations. From a similar calculation for the noise spec-
tral density we recover the noise susceptibility derived in
[24] using the Landauer-Bu¨ttiker formalism.
For a dc bias α = 0, the current [7] and current noise
[25] read:
I(Vdc) =
GT
e
[γ ∗ P (eVdc)− γ ∗ P (−eVdc)],
SI(ν, Vdc) = 2GT[γ ∗ P (eVdc − hν) + γ ∗ P (−hν − eVdc)],
where γ∗P (E) = ∫ dε′γ(ε′)P (E−′) with P (ε) the prob-
ability density for a tunneling electron to emit the en-
ergy ε in form of photons into the impedance [7], with
γ() =
∫
dε′f(ε′)[1 − f(ε′ + ε)] = ε/(1 − e−ε/kBT ), and
f the Fermi function. Combining these expressions with
Eqs.1-3, we obtain a Kubo-like relation [4, 8]:
SI(−ν, Vdc, α)− SI(ν, Vdc, α) = 2hν ReY (ν, Vdc, α).
The detailed balance property of γ(E) and P (E)
yields:
SI(ν, Vdc, α) =
eI (Vdc − hν, α)
1− e−β(eVdc−hν) +
eI (Vdc + hν, α)
e−β(−eVdc−hν) − 1 .
(4)
Eq. (4) is the main prediction we probe experimen-
tally: The results derived for classically dc biased tun-
nel elements [13, 14, 26] can be extended to quantum
biasing circuits, provided one incorporates the effect of
their quantum fluctuations into a ”renormalized” non-
linear I(Vdc) curve [10], even in the presence of a time-
dependent drive [9] since it modifies equally both current
and noise. The crucial assumptions of our derivation are
i) that the quantum conductor is in the tunnel regime
with ii) a tunnel conductance small enough to have neg-
ligible impact on the density matrix of the system, which
iii) follows a detailed balance. Note that in references
[10, 12–14], only the symmetrized spectral density of
the current fluctuations [SI(ν, Vdc) + SI(−ν, Vdc)] /2 was
considered having a similar yet different expression.
To probe the above predictions, we implement a cir-
cuit equivalent to Fig. 1-a) by embedding a high
impedance tunnel junction in a microwave resonator with
an impedance high enough to significantly modify the
4-8 GHz
12 GHz
-20 dB
50 Ω
13 MΩ
50 Ω
4 K
20 mK
0.9 K
300 K
50 Ω
-40 dB
-20 dB
-20 dB
VNA
inout
50 Ω
-10 dB
Figure 1: (color online) a) Model system: a small con-
ductance tunnel junction GT is embedded in a resonator of
frequency ν0 = 1/
√
LC and characteristic impedance ZC =√
L/C. The system is connected to a dc (rf) voltage source
Vdc (Vac) through a large inductance (capacitance). b) Exper-
imental set-up: A normal tunnel junction, cooled at 20 mK
by a dilution refrigerator, is connected to a 50 Ω-line through
a high-impedance λ/4-resonator, whose inner conductor con-
sists in a serial SQUID array. The resonator is connected
to a bias-Tee, whose inductive port allows us to dc bias the
junction and to measure its low frequency conductance. The
RF port allows us to shine microwaves onto the resonator,
and to measure the microwave signals emitted/reflected by
the sample.
tunnel junction transport properties [25, 27]. We then
measure both the dc conductance, the finite frequency
admittance and the finite frequency current noise of the
junction as a function of its dc voltage bias and in the
presence of an additional microwave tone inducing a co-
herent state in the resonator, using a cryogenic low noise
amplifier. Our setup only gives access to the emission
noise spectral density of the sample [25], unlike on-chip
quantum detectors [28–30] such as SIS detectors [31]
which allow the measurement of the emission and ab-
sorption noise of their linear environment [32]. Coupling
two such detectors via a low impedance circuits, display-
ing negligible quantum fluctuations, was used to measure
their emission noise [32], found in agreement with Eq.4,
and to probe their absorption noise [26] and admittance
3[33].
Our experimental set-up is represented in Fig.1-b): a
100 × 100 nm2 tunnel junction with tunnel resistance
G−1T = 270 kΩ is embedded in a λ/4 coplanar resonator
whose inner conductor is made of an array of identical
and equally spaced Al/AlOx/Al SQUIDs. The SQUIDs’
Josephson inductance can be increased by an external
magnetic flux, increasing the resonator’s characteristic
impedance ZC from 1.2 kΩ to 1.8 kΩ, while decreasing
its resonant frequency ν0 from 6 GHz to 4 GHz [25, 27].
A 30 × 50 × 0.3 µm3 gold patch is inserted between
the tunnel junction and the SQUID array to evacuate
the Joule power generated at the tunnel junction via
electron-phonon coupling. The chip is connected to a
commercial 50 Ω matched bias tee. The low frequency
path is used to bias the sample through a cold 13 MΩ
resistor, and to measure the tunnel junction dc conduc-
tance G(Vdc, α) = dI/dVdc. The RF path is connected
to a 20 dB directional coupler, which allows us to (i)
shine microwave power on the tunnel junction through
the weakly coupled port while (ii) measuring the mi-
crowave signals emitted/reflected by the sample via the
well transmitted port, itself connected to a cryogenic am-
plifier with a ∼2.5 K noise temperature in the 4-8 GHz
bandwidth. Two cascaded circulators (only one being
represented) divert the back-action noise of the ampli-
fier onto thermalized 50 Ω matched loads. The low tem-
perature kBT  hν0 and the high tunnel resistance
G−1T = 270 kΩ ensure negligible photon occupation in
the resonator [23].
The dc-conductance of the junction is deduced from
the voltage drop across the sample induced by a sinu-
soidal 5 nARMS current modulation at 12 Hz through the
low frequency port, measured via homodyne detection.
The I (Vdc) curve is then calculated by numerical inte-
gration of the differential conductance shown in Fig. 2,
which is in good agreement with the DCB-theory pre-
diction based on our microwave design [25]. This allows
us to use the designed impedance seen by the junction,
Z (ν) to extract the admittance of the tunnel junction
from the microwave signal reflected by the sample.
More specifically, we inject a small coherent tone de-
livered by a Vectorial Network Analyzer (VNA) at the
resonant frequency tuned to ν0 = 4.1GHz, into the res-
onator through the -20 dB port of the directional cou-
pler. The reflected signal is then amplified and sent to
the VNA input port. The ∼ -140 dBm excitation signal
amplitude yields a ∼ 1.4µVRMS ac voltage on the sample,
corresponding to α ' 0.1, making photo-assisted tunnel-
ing negligible, thus ensuring a linear response. Due to
the finite ∼ 15 dB directivity of the coupler, a coherent
leak adds up to the signal, so that the total transmission
coefficient can be expressed as Sout,in(ν0) = G (Γ + F )
where Γ stands for the reflection coefficient at the input
of the resonator, F the coherent leak transmission, and
G stands for the total gain of the chain (including the
attenuation of the various microwave components). The
gain G and the leakage coefficient F can be calibrated by
two measurements of transmission Sout,in: (i) we first ap-
ply a large dc bias eV  hν0 to the sample and assume
that the corresponding junction admittance is given by
the tunnel conductance, lim
Vdc→∞
Y (ν, Vdc) = GT [23], and
then (ii) detune the resonator frequency to ∼ 3.7 GHz,
ensuring that Γ ' −1 [23]. We then measure S21(ν0) as
a function of the bias voltage, from which we extract
the variations of the finite frequency admittance. As
shown in Fig. 2, the data are in good agreement with
our theoretical predictions: the junction’s conductance
Re[Y (ν0, Vdc, α = 0)] is well described by Eq. 3 and its
susceptance Im[Y (ν0, Vdc, α = 0)] is negligible.
In a second experiment, we measure the derivative of
the shot noise spectral density ∂SI(ν0, Vdc, α = 0)/∂Vdc
at the resonant frequency with respect to the dc bias
in absence of an RF-drive [25]: the output of the am-
plifying chain is connected to a 180 MHz room tem-
perature adjustable filter centered around ν0 and to a
quadratic detector whose output voltage is proportional
to the noise power. We perform an homodyne detec-
tion of the variations of the system noise temperature
induced by the 12 Hz modulation used to measure the
conductance. Due to the impedance mismatch between
the admittance of the sample and the impedance of the rf-
detection chain |Y (ν, Vdc)Z(ν)|  1, the emitted power
density reads SI (ν, Vdc, ) ReZ (ν) / |1 + Y (ν, Vdc)Z (ν)|2.
The voltage dependence of the coupling coefficient aris-
ing from Coulomb blockade, ∼ 1 %, can be neglected, so
that we extract directly ∂SI(ν0, Vdc)/∂Vdc from the noise
temperature modulations. The FDT relation Eq. (4) is
in agreement with the experimental results shown in Fig.
2 .
For the photo-assisted experiments, a rf drive, ∼
−120 dBm at ν0 − 5 MHz, is superposed to the VNA
signal using a room temperature -10dB directional cou-
pler, as shown in Fig. 1. The induced coherent state
amplitude α at the input of the tunnel junction can
be estimated from the independently calibrated atten-
uation of the feed line, and from the voltage divider[
1 + Z(ν0)Y (ν0, Vdc, α)
]−1
. The experimental G(Vdc, α)
data shown in Fig. 3 a) are well reproduced by the Tien-
Gordon relation Eq. (1) using α as a fitting parame-
ter. The extracted value α = 1.15, is in agreement with
the estimated value within 15% (1 dB). Moreover since
Z(ν0)Y (ν0, Vdc)  1, the variations of Y (ν0, Vdc) with
Vdc induce negligible variations of α with the dc bias.
The driving frequency is chosen close, but different than
the VNA frequency, so that Y (ν ' ν0, Vdc, α) can still
be measured. As shown in Fig. 3 b) it follows a photo-
assisted relation and hence Eq. (3) is well obeyed.
For the emission shot noise power measurement
SI(ν, Vdc, α), we eliminate the driving tone parasitic sig-
nal by implementing a band rejection filter: We mix the
4total signal with a reference at the driving frequency, and
low pass filter the down converted signal with a 80 MHz
low pass filter, which is then fed to the quadratic detec-
tor. Thanks to the 1 MHz low frequency cut-off of the
quadratic detector, its output is insensitive to the driv-
ing tone reflected signal. The results, shown in the right
panel of Fig. 3 are found to follow the photo-assisted
relation Eq. 2, so that our FDT relation Eq. 4 also holds
for a time dependent bias.
In conclusion, we have shown theoretically and exper-
imentally that in the presence of strong quantum fluc-
tuations of the driving voltage, the finite frequency ad-
mittance and current fluctuations of a tunnel element
follow fluctuation-dissipation relations derived for classi-
cal drives. This also holds in the presence of a time de-
pendent bias, where photo-assisted tunneling expressions
are also valid. Our derivation relies on the fact that no
memory effect occurs neither in the electromagnetic en-
vironment nor in the quantum conductor, and that both
follow a detailed balance relation. Our experimental ap-
proach is very general and can be readily exploited to
test fluctuation-dissipation relations for systems not ful-
filling our hypothesis, for instance for conductors beyond
the weak coupling limit like Quantum Point Contacts
[25, 34–37], where DCB was recently demonstrated to
bear a connection to the physics of impurities in Lut-
tinger liquids [38], or in systems having rich internal dy-
namics such as Quantum Dots [14, 39, 40].
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Figure 2: (color online) Left panel : (Black circles) Admittance computed from reflection measurement at the frequency of
the resonator ν0 = 4.1 GHz for a small RF drive (α  1), as a function of the dc-voltage bias. Right panel : (Black circles)
Derivative of the noise with respect to dc bias, measured at resonant frequency, ν0 = 4.0 GHz, as a function of dc-voltage
bias. (Red curves) Theoretical curves computed from Eq. (3) and Eq. (4), using the (black right insets) dc-conductance, which
shows step-like features characteristic of the DCB by a single mode. (Left panel, left inset) Estimated susceptance of the tunnel
junction.
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Figure 3: (color online) Photo-assisted regime: Black circles show (a) the junction’s conductance at low frequency, (b) at the
resonator’s frequency ν0 = 4.1 GHz, and (c) the derivative of the emission current noise with respect to the bias voltage,
measured in the presence of an RF drive (α = 1.15). Red curves show the photo-assisted tunneling predictions Eqs.(1-2), using
the same quantity measured for α = 0 (shown by the grey lines).
1Supplemental Materials:
Fluctuation-dissipation relations of a
tunnel junction driven by a quantum
circuit
This supplementary material provides the complete
theoretical derivation of the formulas provided in the ar-
ticle body, insisting on the origin of the detailed balance
relations allowing to derive the fluctuation-dissipation re-
lations linking the current fluctuations to the current-
voltage I(V ) characteristic of the junction, modified by
its environment. It also contains the full details regard-
ing the experimental procedure used to extract the real
and imaginary part of the tunnel junction’s admittance.
THEORETICAL DERIVATION
Defining the problem
The circuit we deal with is that of a tunnel junc-
tion shunted by a harmonic oscillator. As depicted
in Fig. S1 the tunnel element sees a resonant circuit
of resonant frequency ν0 =
1
2pi
√
LC
, and characteristic
impedance Zc =
√
L
C , where C is the oscillator’s capac-
itance (including tunnel junction self capacitance), and
L its inductance. The system is dc biased through a
large inductance and an ac drive at the resonant fre-
quency is applied through a large capacitance. We de-
scribe this circuit by a Hamiltonian consisting in the
sum of three terms [7] H = Hqp + Henv + HT . The
first Hqp =
∑
l lnl +
∑
r rnr, with nl,r = c
†
l,rcl,r being
the occupation number of the fermionic quasi-particle
operators, describes the (free) quasi-particle dynamics
(in the sense of the Landau theory of an interacting
Fermi sea [41]) at the left and right electrodes of the
tunnel junction. The second term Henv =
Q2
2C +
Φ2
2L de-
scribes the dynamics of the LC resonator in terms of
the conjugated electromagnetic variables Q, the influ-
ence charge at the plates of the tunnel junction, and
Φ the magnetic flux stored in the inductance which is
related to the voltage drop V across the junction as
Φ(t) =
∫ t
−∞ dt
′V (t′). The last term HT = T + T †,
where T = eieΦ/~Θ with Θ =
∑
l,r τlrc
†
l cr, describes
the tunnel coupling which transfers quasi-particles be-
tween both electrodes with the (small) probability am-
plitudes τl,r and accounts for the corresponding charg-
ing of the capacitance since e−ieΦ/~QeieΦ/~ = Q − e.
HT is the minimal electrodynamic coupling of the quan-
tum conductor to its electromagnetic environment. It is
valid in the long wavelength limit with respect to the
size of the electrodes [42], neglecting their intrinsic elec-
trodynamics [43] beyond the mean-field approximation
encompassed in the shunting capacitance. The coupling
Hamiltonian HT correctly treats the charge accumulated
at the electrodes by conserving the current at the node
represented by the red dot in Fig. 1: Defining the quasi-
particle current as Iqp = en˙l = − ie~ [nl, H] = − ie~ (T−T †),
the displacement current through the capacitance as
ID = Q˙ = − i~ [Q,H] = ie~ (T − T †) + Φ/L, and the cur-
rent flowing through the inductance IL = Φ/L, one finds
Iqp + ID = IL which is an exact equality for the current
operators.
All the existing literature deriving fluctuation-
dissipation relations in tunnel junctions [8–10, 12–14, 26]
where derived considering the bias is an eventually time-
dependent classical external parameter. Here we ex-
ploit the dynamical Coulomb blockade formalism intro-
duced above to provide a full quantum mechanical de-
scription of the time dependent bias. To describe the
field in the resonator under a coherent drive at the res-
onant frequency ν0, we assume that the density ma-
trix of the resonator corresponds to a ”displaced ther-
mal state” [22]: ρenv = D(iα/2r)ρTD(iα/2r)
†. Here,
ρT = exp(−βHenv)/Tr(exp(−βHenv)) is the usual den-
sity matrix for the resonator at temperature β−1, r =√
piZc
RK
. This choice is justified by the resulting quan-
tum average time dependent voltage across the junction:
Tr(ρenvΦ˙) = Vac cos(2piν0t) for α = eVac/hν0. We fur-
ther assume that the resonator’s state is unperturbed by
the tunneling events. Our approach takes into account
the thermal fluctuations of the environment, and allows
us to compute non-only the dc current as done in [44],
but we compute also its time dependence, the admittance
and the power spectral density of current fluctuations us-
ing standard perturbation techniques to lowest order.
Making use of the interaction picture of the current
operator I0(t) with respect to the uncoupled evolution
H0 = Hqp+Henv, its full time evolution up to first order
in the tunnel coupling reads:
I(t) =I0(t)− i~
∫ t
−∞
[HC(t
′), I0(t)]dt′
=
−ie
~
(T (t)− T †(t))− e
~2
∫ t
−∞
[T (t′) + T †(t′), T (t)− T †(t)]dt′.
2Figure S1: Model system: a small conductance tunnel junc-
tion GT is embedded in a resonator of frequency ν0 = 1/
√
LC
and characteristic impedance ZC =
√
L/C. The system is
voltage connected to a dc (rf) voltage source Vdc (Vac) through
a large inductance (capacitance).
In the following, we will have to calculate quantum
average of various operators, which are meant to be
taken with respect to the original states, described by
the factorized density matrix of uncoupled thermal quasi-
particles and the displaced thermal environment [22]:
ρ0 =
exp(−βHqp)
Tr(exp(−βHqp))⊗
D(iα/2r) exp(−βHenv)D(iα/2r)†
Tr(exp(−βHenv)) .
Since the operator T does not conserve the quasi-
particle number, the non-interacting mean current van-
ishes 〈I0(t)〉 = 0, and the evaluation of the mean current
must be kept to first order in the tunneling coupling,
where the non-vanishing terms read:
〈I(t)〉 = 2e
~2
Re
∫ +∞
0
dτ〈T (t+ τ)T †(t)〉 − 〈T †(t+ τ)T (t)〉.
(S1)
The average of the current correlations is already finite at
zeroth order, and reduces to the two only quasi-particle
number conserving terms:
〈I(t+ τ)I(t)〉 = e
2
~2
(〈T (t+ τ)T †(t)〉+ 〈T †(t+ τ)T (t)〉).
(S2)
Therefore, the problem reduces to compute two correla-
tions functions 〈T (t+ τ)T (t)†〉 and 〈T †(t+ τ)T (t)〉.
Correlation functions
Since the tunnel coupling T (t) = eieΦ(t)/~Θ(t) is fac-
torized in terms of environment and quasi-particle op-
erators, and so is is the density matrix, the correlation
functions are also factorized: 〈T (t + τ)T (t)†〉 = 〈Θ(t +
τ)Θ†(t)〉〈eieΦ(t+τ)/~e−ieΦ(t)/~〉 and 〈T †(t + τ)T (t)〉 =
〈Θ†(t+ τ)Θ(t)〉〈e−ieΦ(t+τ)/~eieΦ(t)/~〉.
Quasi-particle correlation functions
Introducing the density of quasi-particle states on the
left and right electrodes ρl,r(), and their mean occupa-
tion number fl,r() = (1 + exp(−βl,r))−1 we have:
〈Θ(t+ τ)Θ†(t)〉 =
∑
l,r
|τlr|2〈c†l (t+ τ)cl(t)〉〈cr(t+ τ)c†r(t)〉
=
∫
dd′|τ(, ′)|2ρl()ρr(′)fl()(1− fr(′))e−i(−′)τ/~
=
∫
dd′|τ(, + ′)|2ρl()ρr(+ ′)fl()(1− fr(+ ′))e−i′τ/~
=
∫
d′θ(′)e−i
′τ/~
=θ(τ)
where we defined the function θ(′) =
∫
d|τ(,  +
′)|2ρl()ρr(+ ′)fl()(1− fr(+ ′)) counting the num-
ber of all possible inelastic quasi-particle transfers from
the left electrode to the right electrode with an energy
difference ′. The correlation function 〈Θ(t + τ)Θ†(t)〉
only depends on the time difference τ , a consequence of
averaging it over stationary (equilibrium) states.
Similarly , we obtain for the second quasi-particle
term:
3〈Θ†(t+ τ)Θ(t)〉 =
∑
l
|τlr|2〈c†r(t+ τ)cr(t)〉〈cl(t+ τ)c†l (t)〉
=
∫
dd′|τ(′, )|2ρr()ρl(′)fr()(1− fl(′))e−i(−′)τ/~
=
∫
dd′|τ(+ ′, )|2ρr()ρl(+ ′)fr()(1− fl(+ ′))e−i′τ/~
=
∫
d′θ∗(′)e−i
′τ/~
=θ∗(τ).
where now, the function θ∗(′) =
∫
d|τ( +
′, )|2ρr()ρl(+ ′)fr()(1− fl(+ ′)) counts the num-
ber of all possible inelastic quasi-particle transfers from
the right electrode to the left electrode with an energy
difference ′. If both electrodes are fully symmetric,
namely ρl = ρr and fl = fr, and |τl,r|2 = |τr,l|2 it
is evident that θ = θ∗. However, exploiting the iden-
tity fl,r(−) = 1 − fl,r(), one can see that θ = θ∗ still
holds provided the system has has an electron-hole sym-
metry ρl,r() = ρl,r(−) and |τ(, ′)|2 = |τ(−,−′)|2.
Physically, it means the system does not give rise to
any thermoelectric effect. In the following to simplify
our calculations, we will assume that we have such an
electron-hole symmetric system which is valid for normal
NIN junction, superconducting S1IS2 junctions (allowing
different gaps) or hybrid NIS junctions, in the experi-
mentally relevant limit of small energies with respect to
the Fermi energy and barrier height. Therefore we have
〈Θ(t+τ)Θ(t)†〉 = 〈Θ†(t+τ)Θ(t)〉 = θ(τ), which, as shown
in the section on detailed balance relations below, it au-
tomatically ensures that θ() follows a detailed balance
relation, namely θ() = e−βθ(−). However, the general
detailed balance symmetry Eq. S5 allows to derive the
same results without assuming a particle-hole symmetry.
The key point being that the Fourier transform of θ(t)
and θ∗(t) are related by a detailed balance symmetry,
which is valid as soon as they are the result of averaging
over a thermal equilibrium state (see section on detailed
balance relations below) [3, 9, 14].
Environment correlation functions
We fist recall how the normalized quantum fluctuations
of the flux operator are recast in terms of the normalized
modes of the LC resonator (the dc voltage does not mod-
ify the dynamics of the resonator, see e.g. [7]):
δφ(t) = eΦ(t)/~− eVdct/~ = r(a†(t) + a(t)),
with r =
√
piZc
RK
. This relation enables to express the op-
erators exp[±iδφ(t)], and thus the correlation functions,
in terms of a displacement operator:
exp[±iδφ(t)] = exp[±(ire2ipiν0ta† + ire−2ipiν0ta)]
=D[±ire2ipiν0t].
Then we note, thanks to the Campbell-Baker-Hausdorff
identity, that displacement operators have the following
commutation:
D[α]D[β] = eαβ
∗−αβ∗D[β]D[α].
And finally, we exploit this algebra, the invariance of
trace with respect to cyclic permutations, and that dis-
placement operators are unitary D[α]D[α]† = 1, to sim-
plify the correlation functions as:
〈exp[±ieΦ(t+ τ)/~] exp[∓ieΦ(t)/~]〉
=e±ieVdcτ/~Tr(D[iα/2r]ρβD[iα/2r]† exp[±iδφ(t+ τ)] exp[∓iδφ(t)])
=e±ieVdcτ/~Tr(ρβD[iα/2r]†D[±ire2ipiν0(t+τ)]D[∓ire2ipiν0t]D[iα/2r])
=e±ieVdcτ/~Tr(ρβD[±ire2ipiν0(t+τ)]D[∓ire2ipiν0t])e±iα sin(2piν0(t+τ))e∓iα sin(2piν0t)
=e±ieVdcτ/~Tr(ρβ exp[±iδφ(t+ τ)] exp[∓iδφ(t)])e±iα sin(2piν0(t+τ))e∓iα sin(2piν0t)
=e±ieVdcτ/~eJ(τ)e±iα sin(2piν0(t+τ))e∓iα sin(2piν0t).
4In the last equation we identified the standard (station-
ary) correlation function found in dynamical Coulomb
blockade theory [7], eJ(τ) = Tr(ρβ exp[±iδφ(t +
τ)] exp[∓iδφ(t)]), which is the Fourier transform of the
so-called P (E) function weighting the probability for a
tunneling event to exchange the amount of energy E
with the resonator. It can be shown (see [7] and the
section on detailed balance relations below), that P (E)
obeys a detailed balance relation. It is noteworthy that
the time-dependent phases resulting from the action of
the displacement operators into the coupling operator are
exactly those one would obtain for a semi-classical treat-
ment where the time-dependent bias is treated as a classi-
cal parameter. At a technical level, this is why we obtain
the same results as those derived for a classical drive.
Summing up
Finally we pick all the terms and, exploiting the
Jacobi-Angers expansion of the time-dependent exponen-
tials in terms of Bessel functions of the first kind, we
obtain:
〈T (t+ τ)T (t)†〉 =
∑
k,l
Jk(α)Jl(α)e
i(eVdc+khν0)τ/~e−2ipi(k−l)ν0tθ(τ)eJ(τ) (S3)
〈T †(t+ τ)T (t)〉 =
∑
k,l
Jk(α)Jl(α)e
−i(eVdc+khν0τ)/~e+2ipi(k−l)ν0tθ(τ)eJ(τ). (S4)
Time-dependent mean current
Inserting back the correlations functions Supp. Eqs.
(4-5) into the expression for the mean current Supp. Eq.
(1) we have:
〈I(t)〉 = 2e
~2
Re
∫ +∞
0
dτθ(τ)eJ(τ)
∑
k,l
Jk(α)Jl(α)(e
i(eVdc+khν0)τ/~e−2ipi(k−l)ν0t − c.c.)
Fourier transforming this time dependence, we obtain a
non-zero response only for the harmonics of the driving
field frequency:
I(Ω) = δ(Ω− nν0)2e~2 Re
∫ +∞
0
dτθ(τ)eJ(τ)
∑
k
Jk(α)Jk+n(α)(e
i(eVdc+khν0)τ/~ − c.c.).
All the dynamical response of the mean current can thus
be reconstructed from the characteristic obtained under
a stationary bias I(Vdc):
I(Ω) =δ(Ω− nν0)
∑
k
Jk(α)Jk+n(α)
2e
~2
Re
∫ +∞
0
dτθ(τ)eJ(τ)(ei(eVdc+khν0)τ/~ − c.c.)
=δ(Ω− nν0)
∑
k
Jk(α)Jk+n(α)I(eVdc + khν0).
5Photo-assisted relation for the current
In particular we find that the time-averaged current is
provided by a photo-assisted (or Tien-Gordon) relation
[11, 15]:
〈I(t)〉 = I(Ω = 0) =
∑
k
Jk(α)
2I(eVdc + khν0),
which is Eq. 1 of the main text.
Admittance
Non-linear current response
We can also compute the in-phase response for all the
harmonics, which can be formally expressed as InX1 =
I(nν0) + I(−nν0):
InX1 =
∑
k
(
Jk(α)Jk+n(α) + Jk(α)Jk−n(α)
)
I(eVdc + khν0)
=
∑
k
Jk(α)Jk+n(α)
(
I(eVdc + khν0) + (−1)nI(eVdc − khν0)
)
where we exploited the symmetry of Bessel functions of
the first kind J−k(α) = (−1)kJk(α).
The out-of-phase response InX2 is more tedious, but one
arrives to the result:
InX2 = −
1
pi
P
∫
dν′
InX1(Vdc, f
′)
f ′ − ν0
which is nothing but a Kramers-Kronig relation between
the in- and out-of phase responses to all the harmon-
ics. This was expected since the current is a physical
observable: causal and real valued (as is directly visible
in Supplementary Eq. (S1)).
Low bias limit
The stationary admittance probed at the resonator fre-
quency is now straightforward: exploiting the asymptotic
form of Bessel functions Jk(α) ' 1k! (α2 )k valid for α 1
and retaining only first order terms in Vac we find:
ReY (ν0) = lim
α1
I1X1
Vac
= e
I(eVdc + hν0)− I(eVdc − hν0)
2hν0
,
which is Eq. 3 of the main text. The imaginary
part of the junction’s admittance ImY (ν0) follows from
Kramers-Kronig relations.
Photo-assisted relation for the admittance
In order to derive the admittance at other frequen-
cies, and to allow having an independent pumping as is
done in the experiment, we introduce a second oscillator
of resonant frequency f1 coupled to the junction. The
trick is that defining it with a vanishing characteristic
impedance, it does not give rise to any back-action to the
tunnel junction (namely eJ(τ) is unchanged), yet it allows
to drive it at arbitrary frequencies with an amplitude α1.
As a result we have a time-dependence resulting from the
beating of these two sources, which we have taken with
the same phase to ease notations:
〈I(t)〉 = 2e
~2
Re
∫ +∞
0
dτθ(τ)eJ(τ)
∑
k,l,m,n
Jk(α)Jl(α)Jm(α1)Jn(α1)×
(ei(eVdc+khν0+mhf1)τ/~e−2ipi(k−l)ν0te−2ipi(m−n)f1t − c.c.)
6Now we take the in-phase response with respect to the
first harmonic of the vanishing mode:
2e
~2
Re
∫ +∞
0
dτθ(τ)eJ(τ)
∑
k,l,m
Jk(α)Jl(α)Jm(α1)(Jm+1(α1) + (Jm−1(α1))×
(ei(eVdc+khν0+mhf1)τ/~e−2ipi(k−l)ν0t − c.c)
and we average over time this quadrature to obtain an-
other photo-assisted relation for the in-phase quadrature:
∑
k
Jk(α)
2
∑
m
Jm(α1)Jm+1(α1)
(
I(eVdc + khν0 +mhf1)− I(eVdc + khν0 −mhf1)
)
.
Finally, taking the limit α1  1 we obtain the photo-
assisted relation for the real part of the admittance at
arbitrary frequency f1, in the presence of an arbitrary
coherent pumping at frequency ν0 with amplitude α =
eVac/hν0 [9]:
ReY (Vdc, f1, α) =
∑
k
Jk(α)
2 ReY (eVdc + khν0, f1, α = 0).
Current fluctuations
Inserting back the expression of the correlation func-
tions Supplementary Eqs. (3-4) into the current fluctua-
tion Supplementary Eq. (S2) we find:
〈I(t+ τ)I(t)〉 = e
2
~2
(
θ(τ)eJ(τ)
∑
k,l
Jk(α)Jl(α)(e
i(eVdc+khν0)τ/~e−2ipi(k−l)ν0t + c.c.)
)
.
Again, the Fourier transform of the time (t) de-
pendence of the current time (τ) correlations can be
fully expressed as copies of the stationary correlations
〈I(τ)I(0)〉0 arising for a stationary bias:
FT 〈I(t+ τ)I(t)〉[Ω] = δ(Ω− nhν0)
∑
k
Jk(α)Jk+n(α)FT 〈I(τ)I(0)〉0[eVdc + khν0].
One recognizes the same structure as the one we ob-
tained for the mean current harmonics. Therefore, the
mean current, and the mean current fluctuations have
exactly the same time dependence. This means that a
quantum regression theorem applies to the system [45].
Which is a consequence of the stochastic nature of tun-
neling events: no memory effects build neither in the
quasi-particle nor in the environment. Eq. 2 of the main
text, corresponding to the time averaged emission noise
current density, is obtained for n = 0.
Finally, since the current time correlation has the same
formal dependence as the mean current, one automati-
cally recovers the same photo-assisted relations not only
for the current time correlations, but also for their power
7spectral density which is measured in the experiment. We
also recover the ”noise susceptibility” found, and mea-
sured, in [24], for the in-phase response of the power
density of current fluctuations. We stress there is noth-
ing genuine to the noise, since the mean current has the
same structure.
DETAILED BALANCE RELATIONS
Any equilibrium time correlation 〈A(t)B(0)〉 and
〈B(0)A(t)〉 follow a detailed balance relation, that is their
Fourier transforms are related as:
FT [〈A(t)B(0)〉](ν) = e−βhνFT [〈B(0)A(t)〉](ν). (S5)
This results from the invariance of trace under cyclic per-
mutation:
〈A(t)B(0)〉 =Tr
(
e−βHeiHt/~Ae−iHt/~B
)
/Z
=Tr
(
Be−βHeiHt/~Ae−iHt/~e+βHe−βH
)
/Z
=Tr
(
e−βHBeiH(t+i~β)/~Ae−iH(t+i~β)/~
)
/Z
=〈B(0)A(t+ i~β)〉,
and the translation theorem for Fourier transforms.
In the particular case of autocorrelations (A = B), one
immediately obtains: SA(ν) = e
−βhνSA(−ν), since
SA(−ν) =4piFT [〈A(t)A(0)〉](−ν)
=4piFT [〈A(0)A(t)〉](ν).
In the other particular case 〈A(t)B(0)〉 = 〈B(t)A(0)〉,
which is the case for the quasi-particle and environment
correlators we deal with (due to the electron/hole sym-
metry for quasiparticles, and to the gaussian character of
phase fluctuations) on recovers immediately the same re-
lation between positive- and negative- frequency Fourier
transforms:
FT [〈A(t)B(0)〉](ν) =e−βhνFT [〈B(0)A(t)〉](ν)
=e−βhνFT [〈B(−t)A(0)〉](ν)
=e−βhνFT [〈A(−t)B(0)〉](ν)
=e−βhνFT [〈A(t)B(0)〉](−ν).
DETAILS ON SAMPLE
The sample is the same as one of the samples used
in [25]. It consists in a quarter-wavelength resonator,
which inner conductor consists in a series SQUID array.
The Josephson inductance of the SQUIDs outranges the
electromagnetic inductance by two orders of magnitude,
bringing the characteristic impedance of the resonator in
in the kΩ range. The resonator is terminated by a 270
kΩ Cu/AlOx/Cu tunnel junction. In addition, a 30 ×
50 × 0.3 µm 3 gold patch is inserted between the tun-
nel junction and the SQUID array in order to evacu-
ate the Joule power dissipated at the tunnel junction via
electron-phonon coupling. We briefly recall here details
on the sample fabrication:
The 300 nm thick gold ground plane of the resonator
and thermalization pad were obtained by optical lithogra-
phy, followed by evaporation and lift-off. SQUIDs where
fabricated following the process described in Ref. [46]:
the SQUIDs (see the top inset) are obtained by double
angle deposition of (20/40 nm) thin aluminum electrodes,
with a 20′ oxidation of the first electrode at 400 mBar of
a (85% O2/15% Ar) mixture. Before the evaporation, the
substrate was cleaned by rinsing in ethanol and Reactive
Ion Etching in an oxygen plasma [47]. The normal junc-
tion was obtained using the same technique, with 30/60
nm thick copper electrodes and an aluminum oxide tun-
nel barrier (5 nm thick aluminum oxidized for 15 minutes
at a 800 mBar (85%O2, 15%Ar) mixture).
DETAILS ON THE JOSEPHSON
TRANSMISSION LINE
Our resonator consists in a 360µm long Josephson
meta-material line containing 72 lithographically iden-
tical and evenly spaced SQUIDs with a 5µm period.
The SQUIDs tunnel barriers have an area of 0.5µm2
each resulting in a room temperature tunnel resistance
RN = 720 Ω. To assess that the SQUIDs in the array
are identical, we have performed reproducibility tests,
yielding constant values of RN (within a few %) over
millimetric distances. Assuming a superconducting gap
∆ = 180µeV and a 17% increase of the tunnel re-
sistance between room temperature and base tempera-
ture [48], one obtains a zero flux critical current for the
SQUIDs IC = 671nA, corresponding to LJ(φ = 0) = 0.49
nH. This corresponds to an effective lineic inductance
L ' 100µH.m−1 at zero magnetic flux and frequency
much lower than the Josephson plasma frequency of the
junctions νP[49]. Assuming a capacitance for the junc-
tions of the order of 80 fF/µm2 yields νP ' 25 GHz.
Note that our simple fabrication mask produces 10 times
bigger Josephson junction in between adjacent SQUIDs,
resulting in an additional ∼ L ' 10µH.m−1 lineic in-
ductance. The ∼ L ' 1µH.m−1 electromagnetic induc-
tance associated to our geometry is negligible. With the
designed lineic capacitance C = 75 pF.m−1, the length
of the resonator sets the first resonance at ν0 ' 8 GHz.
The 12 fF shunting capacitance of the thermalization pad
reduces these frequencies to ν0 ' 6 GHz.
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Figure S2: More detailed view of the experimental setup.
Only circuit components inside the refrigerator are shown in
full detail.
DETAILS ON SETUP AND CALIBRATION
We describe the calibration of the low frequency cir-
cuitry for voltage bias and current measurement as well
the microwave components used to define the environ-
ment of the junction and to measure the emitted radia-
tion.
Low frequency circuit
In addition to the components depicted in Fig. 1 of
the main text, the low frequency circuit includes a cop-
per powder filter anchored on the mixing chamber, as
well as a distributed RC filter made with a resistive wire
(50 cm of IsaOhm 304 Ω m−1) winded around a cop-
per rod, and glued with silver epoxy on a copper plate
in good thermal contact with the mixing chamber. Both
are inserted between the 13 MΩ bias resistor and the bias
T and are represented by the 170Ω/450 pF RC filter on
the biasing line in Supplementary Material Fig. 1. The
distributed RC filter has two benefits on the effective elec-
tron temperature of our experiment: it provides a high
frequency filtering that reduces the polarization noise as
well as thermalization of the electrons. The copper pow-
der filter is meant to absorb parasitic microwave noise.
The line allowing to measure the low frequency response
of the junction is filtered by a multipole RC low pass
filter, made with a succession of 2 kΩ Nickel-Chromium
resistances and 1 nF capacitances to ground. The NiCr
resistances were checked in an independent cool-down to
change by less than 1%, which allows to calibrate the
13 MΩ resistor in-situ, with a precision better than 1%,
which in turn allows us to determine the dc voltage V
applied to the tunnel junction. The validity of this cal-
ibration is confirmed by the quality of the comparison
between the observed steps in ∂SI(ν)/∂V and our pre-
dictions.
Microwave circuit and calibration
The microwave chain comprises a bias Tee, two 4-8
GHz cryogenic circulators anchored at the mixing cham-
ber, as well as a 4-8 GHz bandpass filter and a 12 GHz
low pass Gaussian absorptive filter (see Fig. S2). These
elements are anchored on the mixing chamber and are
meant to protect the sample from the back-action noise
of the amplifier.
The quantitative determination of the detection
impedance relies on the detection of the power emitted
by the shot noise of the tunnel junction in the high bias
regime. We bias the junction at ∼ 1 mV, where DCB cor-
rections are negligible, so that SI = 2eI at frequencies
|ν|  eV/h ' 0.5 THz. In order to separate this noise
from the noise floor of the cryogenic amplifier, we then
apply small variations of the bias voltage and measure
the corresponding changes in the measured microwave
power with a lock-in amplifier. The conversion of SI
into emitted microwave power depends on the environ-
ment impedance Z(ν) seen by the tunneling resistance
RT . First, only a fraction R
2
T /|RT + Z(ν)|2 of the cur-
rent noise is absorbed by the environment. The current
noise in the environment has then to be multiplied by
Re[Z(ν)] to obtain the microwave power emitted by the
electronic shot noise:
SP (ν) = 2eV
Re[Z(ν)]G−1T
|Z(ν) +G−1T |2
' 2eV Re[Z(ν)]G
−1
T
[Re[Z(ν)] +G−1T ]2
.
(S6)
The last approximation, Im[Z(ν)]  G−1T is satisfied
with a precision better than 2%. Finally, what is actually
detected at room temperature is the amplified microwave
power:
SRTP (ν) = 2eV G(ν)
Re[Z(ν)]G−1T
[Re[Z(ν)] +G−1T ]2
. (S7)
Supplementary Material Eq. S7 shows that the extracted
Re[Z(ν)] depends on the gain of the microwave chain
G(ν), which has to be determined in-situ and indepen-
dently. To do so, we inserted a 20 dB directional cou-
pler between the sample and the bias Tee, and injected
through an independently calibrated injection line, com-
prising 70 dB attenuation distributed between 4.2 K
and the mixing chamber temperature (see Supplemen-
tary Material Fig. 1). Both the attenuators and the
directional coupler were calibrated at 4.2 K. The gain
9of the microwave chain can be calibrated in situ, as ex-
plained below.
Reflection measurement
Due to the finite ∼ 15 dB directivity of the coupler, a
coherent leak adds up to the microwave signal reflected
by the sample, so that the total transmission coefficient
can be expressed as S21(ν0) = G (Γ + F ) where Γ stands
for the sample reflection coefficient at the input of the res-
onator, F the coherent leak transmission, and G stands
for the total gain of the chain (including the attenua-
tion of the various microwave components). We explain
here how we measure independty F and G. We first ap-
ply a 200 µV dc bias to the sample, ensuring that the
sample’s admittance is given by GT . By extrapolating
the resonator’s frequency with applied flux, we set the
resonator’s frequency at νdetuned =3.7 GHz, so that the
tunnel junctions impedance seen from the input of the
resonator reads
Zdetuned = Z0
1 + iGTZ0 tan(
piνdetuned
2ν0
)
GTZ0 + i tan(
piνdetuned
2ν0
)
, .
where Z0 is the wave impedance of the SQUID’s trans-
mission line. The reflexion coeffiscient thus reads:
Γdetuned =
50Ω− Zdetuned
50Ω− Zdetuned =
50Ω
(
GTZ0 + i tan(
piνdetuned
2ν0
)
)
− Z0
(
1 + iGTZ0 tan(
piνdetuned
2ν0
)
)
50Ω
(
GTZ0 + i tan(
piνdetuned
2ν0
)
)
+ Z0
(
1 + iGTZ0 tan(
piνdetuned
2ν0
)
) .
Note that since GTZ0  1, Γdetuned ' −1. We then
set the resonator’s frequency back to ν0, while keeping
the 200µV bias on the sample, so that the reflection co-
effiscient reads Γ∞ =
50Ω− Z20GT
50Ω + Z20GT
. From S21,detuned
and S21,∞ we can deduce G and F , allowing us to ex-
tract Γ(V ) =
50Ω− Z20Y (ν0, V )
50Ω + Z20Y (ν0, V )
, where Y (ν0, V ) stands
for the complex admittance at the resonator’s frequency
of the junction biased at voltage V .
Extracting the current noise
We discuss here the possible consequences of the fact
that the detection impedance is not negligible compared
to the tunneling resistance. More specifically, we show
that due to the variations of the tunneling resistance with
bias voltage, measuring ∂SP (ν)/∂V is not rigourously
equivalent to measuring ∂SI/∂V . However, the error
introduced by this approximation can be shown to be
negligible.
Due to the non linearity of the tunnel transfer, the
power emitted by the junction biased at bias Vdc reads
SP (ν) = Re[Z(ν)]
∣∣∣∣ 11 + Y (ν, V )Z(ν)
∣∣∣∣2 SI(V, ν). (S8)
Here Y (ν, V ) is the differential admittance of the junc-
tion, biased at voltage V , at the measurement frequency
ν. Supplementary Material Eq. S8 is valid as long as
the ac current going through the junction as a conse-
quence of the shot noise is small enough for the response
of the junction Y (ν, V ) to remain in the linear regime.
In that case, the modulation of the output voltage of the
quadractic detector that we measure is proportional to
∂SP (ν)
∂Vdc
= Re[Z(ν)]
[∣∣∣∣ 11 + Y (ν, V )Z(ν)
∣∣∣∣2 ∂SI(V, ν)∂V
+SI(V, ν)
∂
∂V
∣∣∣∣ 11 + Y (ν, V )Z(ν)
∣∣∣∣2
]
.
(S9)
From the measured variations of Y (ν, V ), we estimate
that the associated corrections are negligeable, so that
detecting ∂SP (ν)∂V gives direct access to
∂SI(V,ν)
∂V within a
precision better than 1%.
PHOTON POPULATION OF THE RESONATOR
INDUCED BY SHOT NOISE
One can get a rough estimate of the photon population
induced by shot noise. The photon emission rate density
reads
γ(ν) =
SP (ν)
hν
= Re[Z(ν)]
∣∣∣∣ 11 + Y (ν, V )Z(ν)
∣∣∣∣2 SI(V, ν)hν .
(S10)
As Y (ν, V )Z(ν) 1, we get an estimate of the photon
emission rate density by neglecting DCB effect on shot
noise and a zero temperature:
10
γ(ν) ' 2GT Re[Z(ν)]eV − hν
hν
(S11)
The average number of photons n within the resonator
can be estimated by intergrating the photon emission
rate density, multiplied by the cavity lifetime 1/(2pi∆ν),
where ∆ν is the FWHM of the resonator’s impedance
Re[Z(ν)]. For a representative bias voltage eV = 2hν0,
where ν0 is the resonant frequency:
n ' GT Re[Z(ν0)] 1
pi
∼ 0.02 (S12)
This parasitic population is small enough not to change
the correlation functions of the environment detailed in
[25].
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